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We study a recent proposed Ricci-inverse gravity, which is a very novel type of fourth-order
gravity. In particular, we are able to figure out both isotropically and anisotropically inflating
universes to this model. More interestingly, these solutions are free from a singularity problem.
However, stability analysis based on the dynamical system method shows that both isotropic and
anisotropic inflation of this model turn out to be unstable against field perturbations. This result
indicates that the Ricci-inverse gravity might not be compatible with the inflationary phase of the
universe.
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2I. INTRODUCTION
Modern cosmology has experienced a golden age thanks to its recent rapid developments, both in theoretical
and observational aspects. Indeed, many great results both for the early time and the late time phases of our
universe have been archived. For the early time phase, the cosmic inflation proposed four decades ago [1, 2] has been
regarded as a leading paradigm due to the fact that many its theoretical predictions have been well confirmed by the
recent cosmic microwave background radiations (CMB) observations of the Wilkinson Microwave Anisotropy Probe
satellite (WMAP) [3] as well as the Planck one [4]. For the late time phase, the recent observations of accelerated
expansion have ultimately changed our understanding on the dynamics of the current universe [5–7]. In fact, the
cosmic acceleration leads us to two theoretical possibilities that: (i) the modification of Einstein’s gravity on the large
scales is needed or (ii) the existence of the so-called dark energy assuming the Einstein’s gravity is valid for large
scales. The first possibility leads to the proposal of alternative (or modified) gravity theories such as the f(R) [8] and
the f(R,RµνR
µν , RαβγδR
αβγδ) gravity theories [9]. The latter one might address the existence of the cosmological
constant Λ [10] or extra dynamical fields such as the quintessence field [11] or the phantom field [12], or the other
types [13].
In this paper, we prefer studying a modification of Einstein’s gravity. The reason for this is basically twofold. First,
this approach does not require the existence of extra fields such as a scalar field, whose origin might not be easy to
figure out. Second, we note that among the well-known inflationary models the Starobinsky model [2] involving the
R2 correction term has been shown to be one of the most favorable models in the light of the Planck observation
[14]. More interestingly, this model is the simplest subclass of the f(R) theory. Hence, having a good alternative
gravity model might lead us to a more transparent picture of both early time and late time epochs of our universe.
In addition, unexpected results might appear in alternative gravity theories due to additional correction terms like
R2 or RµνR
µν . For example, the Hawking’s cosmic no-hair conjecture concerning on the isotropy and homogeneity
of the late time universe [15] has been examined in higher curvature and higher derivative gravity [16–22]. It would
be very interesting if we were able to figure out stable anisotropic inflation, which would be counterexamples to the
cosmic no-hair conjecture within the framework of modifications of Einstein gravity. Note that some CMB anomalies
such as the hemispherical asymmetry and the cold spot, which have been detected recently by the WMAP and then
by the Planck, which cannot be explained within the context of the cosmological principle [23]. Hence, anisotropic
inflation might be a possible approach to realize these anomalies. Other anisotropic inflation models, in which the
cosmic no-hair conjecture has been shown to be violated, can be seen, e.g. in Refs. [24–27]. If successful, some exotic
features of anisotropic inflation might be imprinted in the CMB, which might be relevant to more sensitive primordial
gravitational waves observations operated in the near future [28, 29].
Recently, there has existed a novel gravity model called the Ricci-inverse gravity, which is basically based on the
introduction of an anticurvature scalar A, a very new geometrical object [30]. As a result, the anticurvature scalar A
is the trace of anticurvature tensor Aµν , which is assumed to be equal to the inverse Ricci tensor, i.e., Aµν = R−1µν .
This model is a type of fourth-order gravity, similar to models of RµνR
µν and RµναβR
µναβ studied in Refs. [17–22].
However, this model has been shown to admit the no-go theorem claiming that a decelerated and an acceleration
expansion cannot exist together in this model. Consequently, this theorem implies that the Ricci-inverse model cannot
be a dark energy candidate [30]. However, some simple extensions of this model have also been proposed in Ref. [30]
in order to overcome the no-go theorem. Hence, the Ricci-inverse gravity and its extensions are very promising
alternative gravity models for understanding the evolution of our universe. It appears that cosmological aspects of
the early universe have not been investigated this model. All of these things have led us to study inflation within
the framework of the Ricci-inverse gravity. As a result, we will be able to show that this model does admit both
isotropic and anisotropic inflation, which are really singularity-free. Unfortunately, stability analysis will be performed
to indicate that both both isotropic and anisotropic inflation are always unstable against perturbations. This implies
that the Ricci-inverse gravity might be not compatible with the inflationary phase of the universe. Hence, extensions
of the the Ricci-inverse gravity such as A → f(A) proposed in Ref. [30] might be needed for obtaining (an)isotropic
inflation without instabilities.
This paper will be organized as follows: (i) A brief introduction of the present study has been written in the Sec. I.
(ii) Basic setup of this model will be presented in Sec. II. Then (iii) Simple cosmological solutions to this model will
be figured out in Sec. III. (iv) Stability analysis of the obtained solutions will be performed in Sec. IV. (v) Finally,
concluding remarks will be written in Sec. V.
3II. BASIC SETUP
A. Action
As a result, an action of the so-called Ricci-inverse gravity has been proposed in Ref. [30] as follows
S =
∫ √−gd4x (R+ αA− 2Λ) , (2.1)
where Mp the reduced Planck mass is set to be one for convenience and Λ > 0 is the pure cosmological constant
[18, 21, 22]. In addition, α is a free parameter and A is an anticurvature scalar, which is the trace of anticurvature
tensor Aµν assumed to be the Ricci-inverse tensor [30]
Aµν = R−1µν . (2.2)
It is important to note that A 6= R−1. As a result, the corresponding Einstein field equation turns out to be [30]
Rµν − 1
2
Rgµν + Λgµν = αAµν +
1
2
αAgµν − α
2
(
2gρµ∇α∇ρAασAνσ −∇2AµσAνσ − gµν∇α∇ρAασAρσ
)
. (2.3)
where AασA
νσ = AατgτσA
σν = AατAντ = A
ασAνσ = A
ν
σA
ασ. In addition, ∇µ is the covariant derivative.
Unfortunately, the modified Einstein field equation looks very complicated to derive its explicit non-vanishing
components for a given metric. Indeed, the right hand side of Eq. (2.3) requires a very lengthy calculation, even for
the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric [30]. Hence, we will not use this tensorial approach but
use an effective approach based on the Euler-Lagrange equations. In particular, we will define the Lagrangian of the
Ricci-inverse gravity, i.e.,
L = √−g (R+ αA− 2Λ) , (2.4)
then define the corresponding Euler-Lagrange equations, which are exactly the desired field equations.
B. Field equations
In this paper, we propose to consider the (y−z rotational symmetry) Bianchi type I spacetime, which is homogeneous
but anisotropic and is described by the following metric [24],
ds2 = −N2(t)dt2 + exp[2β(t)− 4σ(t)]dx2 + exp[2β(t) + 2σ(t)](dy2 + dz2), (2.5)
where N(t) is the lapse function introduced to obtain the following Friedmann equations from its Euler-Lagrange
equation [21, 31]. Note that we can set N = 1 after deriving its corresponding Friedmann equation [21, 31]. In
addition, β(t) is an isotropic scale factor and σ(t) is regarded as a deviation from isotropy. Hence, σ(t) should be
much smaller than β(t) [24–26]. Note that the metric shown in Eq. (2.5) is a special case of the Bianchi type I metric
in Ref. [18] with σ = σ+ and σ− = 0. The reason is that we would like to figure out analytical solutions for the scale
factors of the present model like what we have done in Refs. [24, 25].
As a result, we are able to define the corresponding non-vanishing components of the Ricci tensor, Rµν ≡ Rρµρν ,
to be
R00 = 3
(
N˙
N
β˙ − Φ
)
, (2.6)
R11 = −g11
N2
[
N˙
N
(
β˙ − 2σ˙
)
−Π
]
, (2.7)
R22 = R33 = −g33
N2
[
N˙
N
(
β˙ + σ˙
)
−Ψ
]
, (2.8)
where we have introduced new variables as
Φ = β¨ + β˙2 + 2σ˙2, (2.9)
Π = β¨ − 2σ¨ + 3β˙2 − 6β˙σ˙, (2.10)
Ψ = β¨ + σ¨ + 3β˙2 + 3β˙σ˙, (2.11)
4for convenience. Note that β˙ ≡ dβ/dt, β¨ ≡ d2β/dt2, and β(3) ≡ d3β/dt3. As a result, the corresponding Ricci scalar
R ≡ gµνRµν is given by
R = − 6
N2
[
N˙
N
β˙ −
(
β¨ + 2β˙2 + σ˙2
)]
. (2.12)
Consequently, the corresponding inverse Ricci scalar A ≡ gµνAµν is given by
A =− N
2
3
(
N˙
N
β˙ − Φ
)−1
−N2
[
N˙
N
(
β˙ − 2σ˙
)
−Π
]−1
− 2N2
[
N˙
N
(
β˙ + σ˙
)
−Ψ
]−1
. (2.13)
It is clear that A 6= R−1. Thanks to these useful definitions, we are able to define explicitly the Lagrangian
L = exp[3β]N (R+ αA− 2Λ) . (2.14)
It appears that this Lagrangian contains three independent variables, N(t), β(t), and σ(t), and their time derivatives.
Now, we would like to define their corresponding Euler-Lagrange equations in order to figure out cosmological solutions.
First, for the lapse function N , we have the following Euler-Lagrange equation defined as
∂L
∂N
− d
dt
(
∂L
∂N˙
)
= 0, (2.15)
which will be reduced to
α
[
1
Φ
− 1
3Φ2
(
β¨ + 3β˙2
)
+
2
3Φ3
β˙
(
β(3) + 2β˙β¨ + 4σ˙σ¨
)]
+ α
{
2
Π
+
2
Π3
(
β˙ − 2σ˙
) [
β(3) − 2σ(3) + 6
(
β˙ − σ˙
)
β¨ − 6β˙σ¨
]}
+ α
{
4
Ψ
+
4
Ψ3
(
β˙ + σ˙
) [
β(3) + σ(3) + 3
(
2β˙ + σ˙
)
β¨ + 3β˙σ¨
]}
+ 2
(
3β˙2 − 3σ˙2 − Λ
)
= 0, (2.16)
after setting N = 1. On the other hand, since L contains not only β and β˙ but also β¨, the following Euler-Lagrange
equation of β turns out to be
∂L
∂β
− d
dt
(
∂L
∂β˙
)
+
d2
dt2
(
∂L
∂β¨
)
= 0, (2.17)
which will be reduced to
α
[
1
Φ
− 1
3Φ2
(
β¨ + 3β˙2
)
+
2
3Φ3
(
β(4) + 6β˙β(3) + 4σ˙σ(3) + 2β¨2 + 4σ¨2 + 8β˙2β¨ + 16β˙σ˙σ¨
)
− 2
Φ4
(
β(3) + 2β˙β¨ + 4σ˙σ¨
)2]
+ α
{
6
Π
+
2
Π3
[
β(4) − 2σ(4) + 6β˙β(3) − 6
(
β˙ + 2σ˙
)
σ(3) + 6β¨
(
β¨ − 2σ¨
)
+ 36σ˙β¨
(
β˙ − σ˙
)
− 36β˙σ˙σ¨
]
− 6
Π4
[
β(3) − 2σ(3) + 6β¨
(
β˙ − σ˙
)
− 6β˙σ¨
]2}
+ α
{
12
Ψ
+
4
Ψ3
[
β(4) + σ(4) + 6β˙β(3) + 3
(
β˙ − σ˙
)
σ(3) + 6β¨
(
β¨ + σ¨
)
− 9σ˙β¨
(
2β˙ + σ˙
)
− 9β˙σ˙σ¨
]
− 12
Ψ4
[
β(3) + σ(3) + 3β¨
(
2β˙ + σ˙
)
+ 3β˙σ¨
]2}
+ 6
(
2β¨ + 3β˙2 + 3σ˙2 − Λ
)
= 0. (2.18)
Finally, the following Euler-Lagrange equation of σ,
∂L
∂σ
− d
dt
(
∂L
∂σ˙
)
+
d2
dt2
(
∂L
∂σ¨
)
= 0, (2.19)
5leads to
α
[
4
3Φ2
(
σ¨ + 3σ˙β˙
)
− 8
3Φ3
σ˙
(
β(3) + 2β˙β¨ + 4σ˙σ¨
)]
− α
{
4
Π3
[
β(4) − 2σ(4) + 3β(3)
(
3β˙ − 2σ˙
)
− 12β˙σ(3) + 6β¨
(
β¨ − 2σ¨
)
+ 18β˙β¨
(
β˙ − σ˙
)
− 18β˙2σ¨
]
− 12
Π4
[
β(3) − 2σ(3) + 6β¨
(
β˙ − σ˙
)
− 6β˙σ¨
]2}
+ α
{
4
Ψ3
[
β(4) + σ(4) + 3β(3)
(
3β˙ + σ˙
)
+ 6β˙σ(3) + 6β¨
(
β¨ + σ¨
)
+ 9β˙β¨
(
2β˙ + σ˙
)
+ 9β˙2σ¨
]
− 12
Ψ4
[
β(3) + σ(3) + 3β¨
(
2β˙ + σ˙
)
+ 3β˙σ¨
]2}
− 12
(
σ¨ + 3β˙σ˙
)
= 0. (2.20)
Up to now, we have derived explicit field equations (2.16), (2.18), and (2.20) using the effective Euler-Lagrange
equation approach. It is apparent that the first one, Eq. (2.16), is the Friedmann equation, which is third order
differential equation of β and σ. In addition, the other field equations, Eqs. (2.18) and (2.20) are all fourth order
differential equations of β and σ. Hence, solving analytically these field equations seems to be a great challenge.
Fortunately, thanks to the study done in Ref. [18] we are able to figure out analytical solution to these field equation.
Detailed cosmological solutions will be shown in the next sections.
III. SIMPLE EXPONENTIAL SOLUTIONS
A. Singularities
First, let us briefly present here the singularity issue raised in Ref. [30] for expanding universe. If we consider the
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric of the general following form,
ds2 = −dt2 + a2(t) (dx2 + dy2 + dz2) , (3.1)
where a(t) is the scale factor, we can define the following anticurvature scalar A as
A =
2(5ξ + 6)
3H2(ξ + 1)(ξ + 3)
, (3.2)
where ξ = H ′/H with H ′ ≡ dH/d log a = H˙/H. It is clear that A will blow up when either ξ → −1 or ξ → −3,
while it will vanish if ξ = −1.2. Furthermore, recent observations have claimed that the universe evolved from the
decelerated phase with ξ ' −1.5 to accelerated phase with ξ ' −0.45 [4, 6, 7, 30]. It is clear that −1 ∈ [−1.5,−0.45],
resulting the no-go theorem for the Ricci-inverse gravity in [30]. However, this no-go theorem seems to hold only for
expanding universe. For an inflationary phase of universe, it turns out that H ' constant, or equivalently ξ ' 0,
then A is really free from spatial singularities. Indeed, it will becomes clear for an exponential expansion case shown
below.
As a result, we will assume the following ansatz for the scale factors as [18]
β(t) = ζt, σ(t) = ηt, (3.3)
where t is the cosmic time, while ζ and η are undetermined constants. As a result, the corresponding anticurvature
scalar A turns out to be
A =
1
3 (ζ2 + 2η2)
+
2
3ζ (ζ + η)
+
1
3ζ (ζ − 2η) . (3.4)
According to Eq. (3.4), the singularities of A exist at three special points, ζ = −η, ζ = 0, and ζ = 2η. However, all
these possibilities are not relevant to anisotropic inflationary universes, in which η should be much smaller than ζ.
Furthermore, for an isotropic universe with a vanishing η, it turns out that
A =
4
3ζ2
, (3.5)
which is always regular except at a point ζ = 0 corresponding the Minkowski spacetime. These results clearly indicate
that the no-go theorem claimed in Ref. [30] will not be valid in (an)isotropic inflationary universes. In other words,
an inflationary universe described by the action (2.1) is really free from spatial singularities.
6B. Isotropic solutions
As a result, plugging the ansatz (3.3) into the field equation (2.20) leads to the corresponding algebraic equation
of ζ and η such as
ζη
[
9
(
ζ2 + 2η2
)2 − α] = 0. (3.6)
As a result, a non-trivial solution, η = 0, to Eq. (3.6) will lead to an isotropic universe. Note that we have ignored
the trivial solution, ζ = 0. Consequently, both Eqs. (2.16) and (2.18) will be reduced to
3ζ4 − Λζ2 + α = 0. (3.7)
Solving this equation will yield two possible solutions,
ζ21 =
1
6
(
Λ−
√
Λ2 − 12α
)
, (3.8)
ζ22 =
1
6
(
Λ +
√
Λ2 − 12α
)
. (3.9)
For a case of non-vanishing α, it requires that
α ≤ Λ
2
12
. (3.10)
It appears that if α < 0 then only the solution,
ζ22 =
1
6
(
Λ +
√
Λ2 − 12α
)
>
Λ
3
, (3.11)
can be a suitable for describing the early universe. Furthermore, if |α|  Λ, then this solution will reduce to
ζ2 '
√
Λ˜
3
, (3.12)
with Λ˜ =
√−α > 0 as an effective cosmological constant.
On the other hand, if 0 < α ≤ Λ2/12, it will appear that
0 < ζ21 ≤
Λ
6
, (3.13)
Λ
6
≤ ζ22 <
Λ
3
. (3.14)
Hence, we can conclude in this case that
0 < ζ2 <
Λ
3
. (3.15)
Of course, if α = 0, we can easily obtain the well-known de Sitter solution with ζ2 = Λ/3.
C. Anisotropic solutions
As a result, an anisotropic universe with η 6= 0 corresponds to a non-trivial solution to Eq. (3.6) given by
9
(
ζ2 + 2η2
)2
= α, (3.16)
or equivalently
ζ2 + 2η2 =
κ
3
, (3.17)
7where κ =
√
α > 0. In this case, α have to be positive definite. In other words, the anisotropic solution will not
appear for any negative α, in contrast to the isotropic solution.
Thanks to the solution (3.17), both Eqs. (2.16) and (2.18) will reduce to
(2κ− Λ) ζ3 + 2κη3 + Λζη (ζ + 2η) + 2
3
κ2 (ζ − 2η) = 0. (3.18)
Furthermore, this equation can be further simplified as
(Λ− κ) (ζ + 4η) ζη + κ
3
(4κ− Λ) ζ − κ2η = 0, (3.19)
with the help of the solution (3.17). It appears that we have ended up with two field equations, Eqs. (3.17) and
(3.19), for the scale factors α and σ. Since σ has been regarded as a deviation from isotropic spacetime, it is expected
to be much smaller than β during the inflationary phase [24–26]. Consequently, it turns out that η  ζ. Note that η
is not necessarily positive definite. According to Eq. (3.17), therefore, we have an approximated solution of ζ,
ζ '
(κ
3
)1/2
. (3.20)
Consequently, Eq. (3.19) now reduces to
12 (κ− Λ) η2 +
√
3κ (4κ− Λ) η − κ (4κ− Λ) = 0. (3.21)
As a result, this equation admits two possible solutions,
η± =
−√3κ (4κ− Λ)±√3 (80κ3 − 88κ2Λ + 17κΛ2)
24 (κ− Λ) . (3.22)
It is clear, according to Eq. (3.21) as well as the solution showin in Eq. (3.22), that once κ→ Λ/4 (or equivalently
α → Λ2/16) then η → 0. This interesting point implies that it is possible to satisfy the following constraint, η  ζ,
when κ is close to Λ/4. To verify this observation, we will plot below the ratio η/ζ as functions of κ with Λ = 1. See
the figure 1 for details.
In other words, an anisotropic inflation with a small hair (a.k.a. spatial anisotropy) can exist in the Ricci-inverse
gravity. Furthermore, if this anisotropic inflation appears as stable and attractor solutions, it would break down
the cosmic no-hair conjecture, similar to the anisotropic inflation found in a supergravity-motivated model, in which
an unusual coupling between scalar and vector fields, f2(φ)FµνFµν , is introduced [24–26]. In this case, imprints of
anisotropic inflation due to the existence of the anticurvature scalar A ≡ gµνAµν might appear in the CMB and might
therefore be detected in the near future by a more sensitive primordial gravitational wave observation [18, 28, 29].
Therefore, we will convert the field equations into the corresponding dynamical system of autonomous equations in
the next section to examine the stability of the (an)isotropic solutions, similar to the work done in Ref. [18]. To end
this section, we would like to note again that anisotropic inflation with a small spatial anisotropy would happen in
this model only for positive α close to Λ2/16, while isotropic inflation would exist only when α < Λ2/12. This also
indicates that only isotropic inflation exists for negative α in this model.
IV. STABILITY ANALYSIS
A. Dynamical system
In this section, we would like to investigate the stability of the Bianchi type I inflationary solution within the
Ricci-inverse gravity. By doing this, we will convert the field equations, which are fourth order differential equations,
into the corresponding dynamical system, which is formed by first order differential equations called the autonomous
equations [18]. In particular, we will introduce dynamical variables as follows [18]
B =
1
β˙2
, Q =
β¨
β˙2
, Q2 =
β(3)
β˙3
, ΩΛ =
Λ
3β˙2
, Σ =
σ˙
β˙
, Σ1 =
σ¨
β˙2
, Σ2 =
σ(3)
β˙3
, (4.1)
80.246 0.247 0.248 0.249 0.250
κ
-0.05
0.05
η/ζ
FIG. 1. A ratio η/ζ as functions of κ with Λ = 1. Here the lower red and upper blue curves correspond to the ratios η+/ζ and
η−/ζ, respectively.
here the Hubble constant is given by H = β˙. As a result, a set of autonomous equations of dynamical variables can
be defined to be
B′ = −2QB, (4.2)
Ω′Λ = −2QΩΛ, (4.3)
Q′ = Q2 − 2Q2, (4.4)
Q′2 =
β(4)
β˙4
− 3QQ2, (4.5)
Σ′ = Σ1 −QΣ, (4.6)
Σ′1 = Σ2 − 2QΣ1, (4.7)
Σ′2 =
σ(4)
β˙4
− 3QΣ2, (4.8)
where ′ ≡ d/dτ with τ = ∫ β˙dt being the dynamical time variable. It is noted that the terms β(4)/β˙4 and σ(4)/β˙4 in
two equations (4.5) and (4.8) can be figured out from the field equations (2.18) and (2.20), which can be rewritten
respectively in terms of the dynamical variables as follows
α
[
B
Φ
− 1
3Φ2
(Q+ 3) +
2
3BΦ3
(
β(4)
β˙4
+ 6Q2 + 4ΣΣ2 + 2Q
2 + 4Σ21 + 8Q+ 16ΣΣ1
)
− 2
B2Φ4
(Q2 + 2Q+ 4ΣΣ1)
2
]
+ α
{
6B
Π
+
2
BΠ3
[
β(4)
β˙4
− 2σ
(4)
β˙4
+ 6Q2 − 6Σ2 (1 + 2Σ) + 6Q (Q− 2Σ1) + 36ΣQ (1− Σ)− 36ΣΣ1
]
− 6
B2Π4
[Q2 − 2Σ2 + 6Q (1− Σ)− 6Σ1]2
}
+ α
{
12B
Ψ
+
4
BΨ3
[
β(4)
β˙4
+
σ(4)
β˙4
+ 6Q2 + 3Σ2 (1− Σ) + 6Q (Q+ Σ1)− 9ΣQ (2 + Σ)− 9ΣΣ1
]
− 12
B2Ψ4
[Q2 + Σ2 + 3Q (2 + Σ) + 3Σ1]
2
}
+ 6
(
2Q+ 3Σ2 − 3ΩΛ + 3
)
= 0, (4.9)
9α
[
4
3Φ2
(Σ1 + 3Σ)− 8
3BΦ3
Σ (Q2 + 2Q+ 4ΣΣ1)
]
− α
{
4
BΠ3
[
β(4)
β˙4
− 2σ
(4)
β˙4
+ 3Q2 (3− 2Σ)− 12Σ2 + 6Q (Q− 2Σ1) + 18Q (1− Σ)− 18Σ1
]
− 12
B2Π4
[Q2 − 2Σ2 + 6Q (1− Σ)− 6Σ1]2
}
− α
{
4
BΨ3
[
β(4)
β˙4
+
σ(4)
β˙4
+ 3Q2 (3 + Σ) + 6Σ2 + 6Q (Q+ Σ1) + 9Q (2 + Σ) + 9Σ1
]
− 12
B2Ψ4
[Q2 + Σ2 + 3Q (2 + Σ) + 3Σ1]
2
}
− 12 (Σ1 + 3Σ) = 0, (4.10)
where the corresponding Φ, Π, and Ψ are given by
Φ =
1
B
(
Q+ 2Σ2 + 1
)
, (4.11)
Π =
1
B
(Q− 2Σ1 − 6Σ + 3) , (4.12)
Ψ =
1
B
(Q+ Σ1 + 3Σ + 3) . (4.13)
It is also noted that the dynamical variables should obey the constraint equation, which is nothing but the Friedmann
equation (2.16),
α
[
B
Φ
− 1
3Φ2
(Q+ 3) +
2
3BΦ3
(Q2 + 2Q+ 4ΣΣ1)
]
+ α
{
2B
Π
+
2
BΠ3
(1− 2Σ) [Q2 − 2Σ2 + 6Q (1− Σ)− 6Σ1]
}
+ α
{
4B
Ψ
+
4
BΨ3
(1 + Σ) [Q2 + Σ2 + 3Q (2 + Σ) + 3Σ1]
}
− 2 (3Σ2 + 3ΩΛ − 3) = 0. (4.14)
B. Fixed points
As a result, the fixed points to the dynamical system of the autonomous equations (4.2), (4.3), (4.4), (4.5), (4.6),
(4.7), and (4.8) are solutions of the following equations, B′ = Ω′Λ = Q
′ = Q′2 = Σ
′ = Σ′1 = Σ
′
2 = 0. It appears that
the isotropic fixed points correspond to
Q = Q2 = Σ = Σ1 = Σ2 = 0 (4.15)
along with the following equation
αB2 − 3ΩΛ + 3 = 0, (4.16)
which can be reduced to
3β˙4 − Λβ˙2 + α = 0. (4.17)
More interestingly, this equation is identical to Eq. (3.7) with β˙ = ζ. This means that the isotropic exponential
solutions found in the previous section are indeed equivalent to these isotropic fixed points. Note again that we have
shown α < Λ2/12 is the constraint for the existence of isotropic inflation.
For anisotropic fixed points with Σ 6= 0, it turns out that
Q = Q2 = Σ1 = Σ2 = 0 (4.18)
along with the following equations
9
(
2Σ2 + 1
)2
= αB2, (4.19)
6κBΣ3 + 18ΩΛΣ
2 − (4κ2B2 − 9ΩΛ)Σ + 2κ2B2 + 6κB − 9ΩΛ = 0, (4.20)
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where κ =
√
α > 0. Here, the first equation is due to the equation (4.10), while the last equation is derived from both
equations (4.9) and (4.14) with the help of the first equation. Similar to the isotropic fixed point, these equations are
identical to Eqs. (3.17) and (3.19) with β˙ = ζ and σ˙ = η. Note that both β(4)/β˙4 and σ(4)/β˙4 vanish for all fixed
points due to Q = 0. It is important to note that an anisotropic inflation should have a small anisotropy, i.e., |Σ|  1.
Consequently, it appears, according to Eqs. (4.19) and (4.20), that
αB2 ' 9, ΩΛ ' 4. (4.21)
All these results imply that the anisotropic exponential solutions found in the previous section are equivalent to
these anisotropic fixed points. Hence, the stability of the fixed points and exponential solutions share the same
properties. It is important to note that due to the equation (4.19) the anisotropic fixed points will not appear for any
negative α, in contrast to the isotropic fixed points.
C. Stability of isotropic fixed points
Now, we would like to examine the stability of the fixed points, which are equivalent to the exponential solutions
found in the previous section. First, we will consider the isotropic fixed points by perturbing the autonomous equations
around them as follows
δB′ = −2BδQ, (4.22)
δΩ′Λ = −2ΩΛδQ, (4.23)
δQ′ = δQ2, (4.24)
δQ′2 = δ
(
β(4)
β˙4
)
, (4.25)
δΣ′ = δΣ1, (4.26)
δΣ′1 = δΣ2, (4.27)
δΣ′2 = δ
(
σ(4)
β˙4
)
. (4.28)
where δ
(
β(4)/β˙4
)
and δ
(
σ(4)/β˙4
)
will be figured out from the following perturbed equations derived from Eqs. (4.9)
and (4.10),
α
{
1
Φ
δB − B
Φ2
δΦ− 1
3Φ2
δQ+
2
Φ3
δΦ +
2
3BΦ3
[
δ
(
β(4)
β˙4
)
+ 6δQ2 + 8δQ
]}
+ α
{
6
Π
δB − 6B
Π2
δΠ +
2
BΠ3
[
δ
(
β(4)
β˙4
)
− 2δ
(
σ(4)
β˙4
)
+ 6δQ2 − 6δΣ2
]}
+ α
{
12
Ψ
δB − 12B
Ψ2
δΨ +
4
BΨ3
[
δ
(
β(4)
β˙4
)
+ δ
(
σ(4)
β˙4
)
+ 6δQ2 + 3δΣ2
]}
+ 6 (2δQ− 3δΩΛ) = 0, (4.29)
4α
3Φ2
(δΣ1 + 3δΣ)− 4α
BΠ3
[
δ
(
β(4)
β˙4
)
− 2δ
(
σ(4)
β˙4
)
+ 9δQ2 + 18δQ− 12δΣ2 − 18δΣ1
]
− 4α
BΨ3
[
δ
(
β(4)
β˙4
)
+ δ
(
σ(4)
β˙4
)
+ 9δQ2 + 18δQ+ 6δΣ2 + 9δΣ1
]
− 12 (δΣ1 + 3δΣ) = 0, (4.30)
along with the perturbed Friedmann equation given by
α
[
1
Φ
δB − B
Φ2
δΦ− 1
3Φ2
δQ+
2
Φ3
δΦ +
2
3BΦ3
(δQ2 + 2δQ)
]
+ α
[
2
Π
δB − 2B
Π2
δΠ +
2
BΠ3
(δQ2 − 2δΣ2 + 6δQ− 6δΣ1)
]
+ α
[
4
Ψ
δB − 4B
Ψ2
δΨ +
4
BΨ3
(δQ2 + δΣ2 + 6δQ+ 3δΣ1)
]
− 6δΩΛ = 0. (4.31)
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It is noted that
δΦ = − 1
B2
δB +
1
B
δQ, (4.32)
δΠ = − 3
B2
δB +
1
B
(δQ− 2δΣ1 − 6δΣ) , (4.33)
δΨ = − 3
B2
δB +
1
B
(δQ+ δΣ1 + 3δΣ) , (4.34)
as well as
Φ =
1
B
, Π = Ψ =
3
B
. (4.35)
As a result, we can obtain δΩΛ from Eq. (4.31) as
δΩΛ =
2α
27
(
9BδB + 6B2δQ+ 2B2δQ2
)
. (4.36)
Thanks to this solution, we are able to obtain the following results from Eqs. (4.29) and (4.30)
δ
(
β(4)
β˙4
)
=− 9
2
(
3
αB2
− 1
)
δQ− 3δQ2, (4.37)
δ
(
σ(4)
β˙4
)
=− 9
(
3
αB2
− 5
)
δQ+ 12δQ2 + 27
(
9
αB2
− 1
)
δΣ + 9
(
9
αB2
− 2
)
δΣ1 − 6δΣ2. (4.38)
Taking exponential perturbations such as
δB, δΩΛ, δQ, δQ2, δΣ, δΣ1, δΣ2 ∝ exp [µτ ] , (4.39)
we are able to obtain the following equation of µ,
µ2 (µ+ 3)
(
αB2µ2 + 3αB2µ+ 9αB2 − 81) (2αB2µ2 + 6αB2µ− 9αB2 + 27) = 0, (4.40)
where the solution (4.16) has been used to simplify this equation. As a result, the corresponding values of µ are solved
to be
µ1,2 = 0, µ3 = −3, µ4,5 = −3
2
[
1±
√
3 (12αB2 − α2B4)
αB2
]
, µ6,7 = −3
2
[
1±
√−3 (2αB2 − α2B4)
αB2
]
. (4.41)
It is straightforward to see that if α < 0 then the isotropic fixed points are always unstable since µ6 > 0. Now, we
consider the case α > 0. First, we will focus on the range 2 ≤ αB2 ≤ 12, in which µ4,5,6,7 are all real. According
to the figure 2, it turns out that while µ4 and µ6 are always negative there is always at least one positive µ among
two eigenvalues µ5 and µ7 in the range 2 ≤ αB2 ≤ 12. Hence, the isotropic fixed points will also be unstable in this
range of αB2. Then, we will plot µ4,5 in a range 0 < αB
2 < 2 and plot µ6,7 in a range 2 < αB
2 ≤ 15 to see whether
unstable modes exist. As a result, there is always one unstable mode in these ranges. Hence, we now can conclude
that the isotropic fixed points of the Ricci-inverse gravity always turn out to be unstable against field perturbations,
in contrast to the quadratic gravity studied in literature [17–22].
D. Stability of anisotropic fixed points
Before going to investigate the stability of anisotropic fixed points in details, we would like to note that the
anisotropic fixed points will not exist for any negative value of α. From now on, therefore, we will only consider the
positive α case. Note again that |Σ|  1 for is required for an anisotropic inflation [24–26]. Therefore, Eq. (4.26)
should be modified as
δΣ′ = δΣ1 − ΣδQ. (4.42)
12
-15 -10 -5 5 10 15 αB2
-10
-5
5
10
μ4,5,6,7
FIG. 2. Eigenvalues µ4 (red), µ5 (blue), µ6 (green), and µ7 (purple) as functions of αB
2.
In addition, Eqs. (4.29) and (4.30) should also be modified for non-vanishing Σ as
α
{
1
Φ
δB − B
Φ2
δΦ− 1
3Φ2
δQ+
2
Φ3
δΦ +
2
3BΦ3
[
δ
(
β(4)
β˙4
)
+ 6δQ2 + 4ΣδΣ2 + 8δQ+ 16ΣδΣ1
]}
+ α
{
6
Π
δB − 6B
Π2
δΠ +
2
BΠ3
[
δ
(
β(4)
β˙4
)
− 2δ
(
σ(4)
β˙4
)
+ 6δQ2 − 6(1 + 2Σ)δΣ2 + 36Σ(1− Σ)δQ− 36ΣδΣ1
]}
+ α
{
12
Ψ
δB − 12B
Ψ2
δΨ +
4
BΨ3
[
δ
(
β(4)
β˙4
)
+ δ
(
σ(4)
β˙4
)
+ 6δQ2 + 3(1− Σ)δΣ2 − 9Σ(2 + Σ)δQ− 9ΣδΣ1
]}
+ 6 (2δQ+ 6ΣδΣ− 3δΩΛ) = 0, (4.43)
α
[
− 8
Φ3
ΣδΦ +
4
3Φ2
(δΣ1 + 3δΣ)− 8
3BΦ3
Σ (δQ2 + 2δQ+ 4ΣδΣ1)
]
− 4α
BΠ3
[
δ
(
β(4)
β˙4
)
− 2δ
(
σ(4)
β˙4
)
+ 3(3− 2Σ)δQ2 + 18(1− Σ)δQ− 12δΣ2 − 18δΣ1
]
− 4α
BΨ3
[
δ
(
β(4)
β˙4
)
+ δ
(
σ(4)
β˙4
)
+ 3(3 + Σ)δQ2 + 9(2 + Σ)δQ+ 6δΣ2 + 9δΣ1
]
− 12 (δΣ1 + 3δΣ) = 0, (4.44)
along with
δΦ = − 1
B2
(
2Σ2 + 1
)
δB +
1
B
(δQ+ 4ΣδΣ) , (4.45)
δΠ =
3
B2
(2Σ− 1) δB + 1
B
(δQ− 2δΣ1 − 6δΣ) , (4.46)
δΨ = − 3
B2
(Σ + 1) δB +
1
B
(δQ+ δΣ1 + 3δΣ) , (4.47)
as well as
Φ =
1
B
(
2Σ2 + 1
)
, Π = − 3
B
(2Σ− 1) , Ψ = 3
B
(Σ + 1) . (4.48)
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In this case, the perturbed equation of the Friedmann equation (4.14) turns out to be
α
[
1
Φ
δB − B
Φ2
δΦ− 1
3Φ2
δQ+
2
Φ3
δΦ +
2
3BΦ3
(δQ2 + 2δQ+ 4ΣδΣ1)
]
+ α
{
2
Π
δB − 2B
Π2
δΠ +
2
BΠ3
(1− 2Σ) [δQ2 − 2δΣ2 + 6(1− Σ)δQ− 6δΣ1]
}
+ α
{
4
Ψ
δB − 4B
Ψ2
δΨ +
4
BΨ3
(1 + Σ) [δQ2 + δΣ2 + 3(2 + Σ)δQ+ 3δΣ1]
}
− 6 (2ΣδΣ + δΩΛ) = 0, (4.49)
which can be solved to give
δΩΛ ' 2α
27
(
9BδB + 6B2δQ+ 2B2δQ2
)
+
2Σ
9
[
3
(
αB2 − 3) δΣ + 2αB2δΣ1] . (4.50)
Here, the constraint |Σ|  1 has been used to simplify this solution. As a result, we are able to figure out the following
relations for anisotropic fixed points with |Σ|  1,
δ
(
β(4)
β˙4
)
'− 9
2
(
3
αB2
− 1
)
δQ− 3δQ2 − 9
(
9
αB2
− 1
)
ΣδΣ +
3
2
ΣδΣ1 − 3ΣδΣ2, (4.51)
δ
(
σ(4)
β˙4
)
'− 54
B
ΣδB − 9
(
3
αB2
− 5
)
δQ+ 12δQ2 + 27
(
9
αB2
− 1
)
δΣ + 9
(
9
αB2
− 2
)
δΣ1 − 6δΣ2. (4.52)
As a result, besides two trivial eigenvalues,
µ1,2 = 0, (4.53)
there are five other non-trivial eigenvalues determined from the following equation,
f(µ) ≡ a5µ5 + a4µ4 + a3µ3 + a2µ2 + a1µ+ a0 = 0, (4.54)
with
a5 = 1, a4 = 9, a3 = 12 (3Σ + 2) , a2 = 9 (12Σ + 1) , a1 = 9
(
36Σ2 − 7Σ− 3) , a0 = −162Σ2. (4.55)
Note that the approximations shown in Eq. (4.21) for an anisotropic inflation have been used to define the above
eigenvalue equation of µ. Using the simple method in Ref. [25], we are able to conclude that Eq. (4.54) always
admits at least one positive root µ > 0 without solving it explicitly. Indeed, it is clear that f(µ = 0) = a0 < 0 and
f(µ 1) ∼ a5µ5 > 0. Therefore, the curve f(µ) will cross the positive horizontal µ-axis at least one time at µ = µ∗.
And, this intersection point µ = µ∗, which is positive definite, is exactly a root to the equation, f(µ) = 0. This result
indicates that the anisotropic fixed points with a small anisotropy (|Σ|  1) turn out to be unstable against field
perturbations, consistent with the Bianchi type I inflation found in the quadratic gravity [18] as well as the prediction
of the cosmic no-hair conjecture.
V. CONCLUSIONS
We have investigated a novel Ricci-inverse gravity proposed in Ref. [30] recently, in which a very novel geometrical
object A called the anticurvature scalar is introduced. Basically, A is defined in terms of Aµν , the anticurvature
tensor assumed to be the inverse of Ricci tensor, i.e., Aµν = R−1µν , as A ≡ gµνAµν . As a result, we have derived the
corresponding field equations of this model using the effective Euler-Lagrange equations for the Bianchi type I metric.
Then, we have figured out both isotropically and anisotropically inflating solutions to this model. More interestingly,
we have shown that these inflationary solutions make the anticurvature scalar A singularity-free, in contrast to the no-
go theorem in [30], which seems to be valid only for the accelerating universe in the late time. Stability analysis based
on the dynamical system method has been performed to show that the both isotropic and anisotropic inflation turn
out to be unstable against perturbations. This result implies that the Ricci-inverse gravity might not be compatible
with the inflationary phase of the universe. Hence, extensions of the Ricci-inverse gravity, e.g., A→ f(A) proposed in
Ref. [30], might be necessary in order to resolve this instability issue. Details of this consideration will be presented
in a sequel to this paper. We hope that our study would shed more light on the cosmological implications of the
Ricci-inverse gravity, which is a very promising alternative gravity model deserved to investigate more in the near
future.
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